k-Coterie is a graceful concept to solve the distributed k-mutual exclusion problem. The k-mutual exclusion algorithm adopting k-coteries could provide the fault-tolerant capability. The complementalness and the availability are two important metrics to measure the fault-tolerant capability of a k-coterie. Since those two metrics are defined under two different failure assumptions, for a given k-coterie, two independent works to measure those two metrics are necessary. In this paper, we derive the characteristics of the complemental k-coterie on its availability. With the characteristic, verifying the complementalness of a k-coterie and evaluating its availability could be combined together to reduce the redundant works on measuring the fault-tolerant capability of the k-coterie.
INTRODUCTION
The distributed mutual exclusion problem is the problem to guarantee that concurrent computing nodes accessing to a shared resource must execute in a mutually exclusive way. The distributed k-mutual exclusion problem is an extension of the mutual exclusion problem where it supposes that there are k identical shared resources and each resource can be accessed by only one node at a time. Therefore, any solution to the distributed k-mutual exclusion problem must guarantee that at most k concurrent nodes can access k shared resources, simultaneously.
In the past, several algorithms [1 -9] had been proposed for solving the k-mutual exclusion problem. Among them, the quorum-based algorithm [2] is an important class of algorithms to solve the problem. It utilizes quorum concept to achieve k-mutual exclusion, providing high fault-tolerance in the face of node and/or communication link failures.
Informally, a quorum is a set of some nodes in a system. The system may have a couple of quorums which constitute a k-coterie [4, 7] . In a k-coterie, among any (k þ 1) quorums, there exist two quorums having a nonempty intersection (viz. the intersection property of k-coteries). That is, there are at most k mutually disjoint quorums in a k-coterie. Each node in the quorum-based algorithm is required to collect the permission from all nodes in a quorum before it is allowed to enter its critical section (CS). Thus, the intersection property of k-coteries guarantees the k-mutual exclusion.
The distributed k-mutual exclusion algorithms based on k-coteries are fault-tolerant and robust. When some nodes and/or communication links in the system become unavailable, the quorum that does not contain unavailable nodes can still be successfully formed. Thus, the fault-tolerant capability of a distributed algorithm depends on the fault-tolerant capability of the k-coterie it adopted.
There are two important metrics to measure the faulttolerant capability of a k-coterie, corresponding to two different failure assumptions. The first is the availability of the k-coterie. It is used to measure the fault-tolerant capability of a k-coterie under the failure assumption that nodes in the system may be faulty but the communication links are not faulty at all. The availability of a k-coterie is defined to be the probability that r (1 r k) quorums of the k-coterie could be successfully formed even if the system has some faulty nodes. Thus, the high availability of a k-coterie exhibits the high fault-tolerant capability of the k-coterie against the node failure.
The second is the complementalness of the k-coterie. It is used to measure the fault-tolerant capability of k-coteries under the failure assumption that communication links in the system may be faulty but nodes are not faulty at all. When a distributed system is 2-partitioned [10] into two disjoint partitions due to communication link failures, nodes in one partition may not be able to communicate with nodes in another partition. A k-coterie is said to be complemental [11] if and only if the total number of mutually disjoint quorums among any two partitions is still k when the system is 2-partitioned. Thus, the complementalness of a k-coterie provides the fault-tolerant capability of the k-coterie against the network 2-partition due to communication link failures.
Consequently, for a given k-coterie, in order to observe the fault-tolerant capability of the k-coterie under two different failure assumptions, we have to evaluate its availability and to verify its complementalness, respectively.
In [11] , a theory for verifying complemental k-coteries was proposed. However, to verify complemental k-coteries using the theory may not be easy in general. In the worst case, we have to enumerate all possible network 2-partitions and to check them one by one. Thus, the time complexity of verifying complementalness of a given k-coterie is likely to be co-NP-complete, although it is still open. Similarly, evaluating the availability of a k-coterie is difficult as well. In the worst case, we also need to generate all possible failure cases and to compute the probability for all cases. Thus, the time complexity of evaluating availability of a given k-coterie is also likely to be co-NP-complete.
In [12] , authors investigated the relation between nondominated (ND) coteries and their availability. They had shown that every ND coterie has the same characteristic on its availability. By the result, verifying the NDness and evaluating the availability of a coterie could be combined together to reduce the redundant works on measuring the fault-tolerant capability of the coterie. However, the result could not be directly extended to the k-coterie since each k-coterie has k different availability measurements according to k different numbers of quorums to be successfully formed. Thus, the investigations of the availability of ND k-coteries and the availability of complemental k-coteries are still open.
In this paper, we investigate the availability of the complemental k-coterie. We use one of the availability definitions, named the computation availability [13] , to be the availability of k-coteries. The computation availability summates k different availability to provide a unified measure to evaluate the availability of k-coteries. As we shall see, every complemental k-coterie has the same characteristic on its computation availability. An important relation between the complementalness and the availability of a k-coterie is constructed. With the relation, evaluating the availability of a k-coterie could check not only the availability of the k-coterie but also whether the k-coterie is complemental or not. That is, whenever we have the availability of a k-coterie, we do not have to verify the complementalness of the k-coterie, again. Thus, verifying the complementalness and evaluating the availability of a k-coterie could be combined together to reduce the redundant works on measuring the fault-tolerant capability of the k-coterie.
Furthermore, based on the relation between complementalness and NDness [11] , we can extend our result to ND k-coteries such that verifying an ND k-coterie and evaluating the availability of the k-coterie could be combined as well.
Finally, regarding the wr-coterie, a quorum system for solving replica control [14] , we define the notion of the complemental wr-coterie and derive a similar result to observe the relation between a complemental wr-coteries and its availability.
The rest of this paper is organized as follows. In Section 2, we introduce the definitions of k-coteries, complemental k-coteries, and ND k-coteries. In Section 3, we investigate the availability of the complemental k-coterie. The characteristic of the complemental k-coterie on the availability is derived. We also derive the relation between the ND k-coterie and its availability. In Section 4, we apply our results to some well-known k-coteries to verify complemental k-coteries. In Section 5, the definitions of wr-coteries, ND wr-coteries and complemental wr-coteries are presented. Then, we derive a similar result to observe the relation between a complemental wr-coteries and its availability. In Section 6, we give the conclusion.
PRELIMINARIES

k-Coteries
Let U be a set containing all nodes in a distributed system. A nonempty set C of nonempty subsets of U is called a k-coterie [4, 7] if and only if all of the following three properties hold:
A member Q of k-coterie C is said to be a quorum. For example, under U ¼ f1, 2, 3, 4g, C ¼ ff1, 2g, f3, 4g, f1, 3g, f2, 4gg is a 2-coterie, which contains four quorums f1, 2g, f3, 4g, f1, 3g and f2, 4g. There are at most two mutually disjoint quorums in C. The distributed k-mutual exclusion algorithms based on k-coteries are fault-tolerant in the sense that when some nodes in the system become faulty, the quorum that does not contain faulty nodes can still be successfully formed.
Complemental k-coteries
In [11] , authors investigated the fault-tolerant capability of k-coteries in the system with some faulty communication Suppose that the distributed system U is 2-partitioned into two partitions S(#U) and S (¼ U 2 S) where the communication inside both S and S are kept alive but the communication between S and S are failed. Let C be a k-coterie under U, and t C (S) (resp. t C (S )) be the maximum number of mutually disjoint quorums Q of C such that Q# S (resp. Q # S). A k-coterie C under U is said to be complemental if and only if t C (S)þ t C (S) ¼ k, 8S # U. Hence, a complemental k-coterie C guarantees that k mutually disjoint quorums of C can still be successfully formed even the network is 2-partitioned. Consequently, the complemental k-coterie can robust the network 2-partition due to communication link failures.
For example, consider two 2-coteries C ¼ ff1g, f2, 3g, f2, 4g, f3, 4gg and D ¼ ff1, 2g, f3, 4g, f1, 3g, f2, 4gg under U ¼ f1, 2, 3, 4g. When the system U is partitioned into two partitions S ¼ f2g and S ¼ f1, 3, 4g. The numbers of mutually disjoint quorums of C in S and S are, respectively, t C (S) ¼ 0 and
Hence, the distributed k-mutual exclusion algorithm adopting C can be robust if the network partitioned into S and S. On the other hand, the numbers of mutually disjoint quorums of D in S and S are, respectively, t D (S) ¼ 0 and
Hence, D is not complemental. In addition, it is not hard to verify that no matter how U is 2-partitioned, we still have two mutually disjoint quorums of C in those two partitions. Consequently, C is a complemental 2-coterie under U. DEFINITION 2.1 [11] . Let C be a k-coterie under U and r be an integer such that 1 r k. C is said to be r-complemental, if for any H#U, either one of the following conditions holds:
, where C r is the set of all subsets of U which contains the union of r mutually disjoint quorums of C. That is, 8P [ C r , we can take r mutually disjoint quorums of C from P.
In [11] , a theory for verifying complemental k-coteries was proposed. We repeat the theory as the following theorem. When the number of nodes in U becomes large, the number of subsets H of U needed to be checked will increase exponentially.
In this paper, we investigate the availability of the complemental k-coterie. As we shall see, every complemental k-coterie has the same characteristic on its availability. With the characteristic, evaluating the availability of a k-coterie could check not only the availability of the k-coterie but also whether the k-coterie is complemental or not. Consequently, verifying the complementalness of a k-coterie and evaluating the availability of the k-coterie could be combined together to reduce the redundancy work on measuring the fault-tolerant capability of the k-coterie.
ND k-coteries
Let C and D be two k-coteries under U. We say that C dominates D [9] if and only if
. A k-coterie that is not dominated by any other k-coterie is called an ND k-coterie; otherwise, it is called a dominated k-coterie. An ND k-coterie has higher availability than those it dominates because it has smaller quorums than those of the k-coterie it dominates. It means that an ND k-coterie has more chance than the k-coteries it dominates for a quorum to be successfully formed in the face of node failures.
, 4gg because every quorum in D is a superset of some quorum in C. When nodes '1' and '4' are both unavailable, the quorum f2, 3g can still be formed in C but none can be formed in D. Thus, C has more chance than D for a quorum to be successfully formed. In addition, it is not hard to verify that no other 2-coterie under U can dominate C; i.e. C is an ND k-coterie.
In [5, 9, 15] , a theory providing a sufficient condition for dominated k-coteries was proposed. We repeat it as follows. THEOREM 2.2. A k-coterie C under U is dominated only if 9H # U such that both of the following properties are satisfied.
Based on Theorem 2.2, for a particular k-coterie C, if there does not exist a set H # U satisfying [P1] and [P2], then C is ND. However, similar to the situation suffered in verifying complemental k-coteries, to determine the existence of H which satisfies [P1] and [P2] may not be easy. To enumerate all possible subsets H may be necessary. In this paper, we also derive the relation between ND k-coteries and the availability. With the relation, verifying an ND k-coterie and evaluating the availability of the k-coterie could be combined together, too.
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AVAILABILITY OF COMPLEMENTAL k-COTERIES AND ND k-COTERIES
Availability of complemental k-coteries
Consider a system U with N nodes. We say a node in the system is available if it is operational. The probability that a node is available is defined to be the up-probability p of this node. In contrast, the down-probability (1 2 p) of a node is the probability that the node is unavailable. For simplicity, it usually assumes that all nodes in a system have the same up-probability and the same down-probability as well. Let the available set S be a subset of U, which contains all available nodes in U. Then, S ¼ U 2 S will be the set containing all unavailable nodes in U. For a k-coterie C under U, the r-availability [13] of C, AV r , 0 r k, is defined to be the probability that there are r available mutually disjoint quorums but no more than r in the system when some nodes may be faulty. That is, with up-probability p,
where F r (S) ¼ 1 if there are r mutually disjoint quorums in the available set S, but no more than r; otherwise, F r (S) ¼ 0. Thus, F r (S) is a Boolean function, whose value would be 1 whenever the maximum number of mutually disjoint quorums in S is equal to r. Note that, for any S # U, there is one and only one Boolean function such that
. Thus, we have the following lemma.
LEMMA 3.1.
According to the definition of AV r , each k-coterie C has (k þ 1) different availability measures of AV r , 0 r k. Among those (k þ 1) different measures, AV k is the measure in the system with the highest load and AV 0 is the measure in the system with the lowest load. For fully utilizing the resources, AV k , the measure in the highest load, is more significant than AV 0 , the measure in the lowest load. In order to provide a unified measure to evaluate the availability of k-coteries, in [13] , a computation availability of a k-coterie C, CAV C , was introduced to summate each AV r with different weight r/k, 0 r k, such that AV r in the higher load plays a more significant role in CAV C . The computation availability of a k-coterie C, CAV C , is defined as follows:
EXAMPLE 3.1. Consider a 2-coterie C ¼ ff1g, f2, 3gg under U ¼ f1, 2, 3g. Then, we have
Thus, we can observe the different availability measurement under the different up-probability p.
In the rest of this paper, we will use the definition of the computation availability, CAV C , to denote the availability of a k-coterie C. We are going to show that a k-coterie C is complemental if and only if CAV C ¼ 1/2 when p ¼ 1/2. Thus, we will have the characteristic of complemental k-coteries on availability. Before that, we first derive the following theorem. 
Thus, 8S # U and for all 0 r k, F r (S) ¼ 1 if and only if
By contraposition, we assume that C is not complemental. Then, 9S 1 # U such that t C (S 1 ) þ t C (S 1 ) , k. We assume t C (S 1 ) ¼ r 1 . Then, t C (S 1 ) , k 2 r 1 . That is, F r 1 (S 1 ) ¼ 1 and
and the fact that F r 1 (S 1 ) ¼ 1 and F k2r 1 (S 1 ) ¼ 0, there must exist S 2 # U such that F k2r 1 (S 2 ) ¼ 1 and F r 1 (S 2 ) ¼ 0. The fact that F k2r 1 (S 2 ) ¼ 1 and F r 1 (S 2 ) ¼ 0 implies that F r 2 (S 2 ) ¼ 1 and F k2r 2 (S 2 ) ¼ 0, for some r 2 , r 1 . Thus, we have the similar situation that 9S 2 # U such that F r 2 (S 2 ) ¼ 1 and 
Thus, D is not complemental. On the other hand, we observe that
So far, we have shown the relation between the equation P 8S#U F r (S) ¼ P 8S#U F k2r (S) and the complemental k-coterie. Next, we intend to derive a theorem to show the relation between the equation P 8S#U F r (S) ¼ P 8S#U F k2r (S) and CAV C . Based on the theorem, the relation between complemental k-coteries and CAV C will be constructed. We first derive the following lemma. Proof. We want to show P
On the other hand, for all 0 i k, F k2i (S) ¼ 1, for some S # U, implies F j (S) ¼ 1 where 0 j i. F k2i (S) ¼ 1 will increase P r¼0 i P 8S#U F k2r (S) by 1. Since j i, F j (S) ¼ 1 will increase P r¼0 i P 8S#U F r (S) by 1. That is, when F k2i (S) ¼ 1, both P r¼0 i P 8S#U F r (S) and P r¼0 i P 8S#U F k2r (S) will be increased.
Consequently,
, for all 0 i k. Proof. Please see the Appendix. By combining Theorems 3.1 and 3.2, we have the following main theorem for the relation between the complemental k-coterie and its availability.
THEOREM 3.3. A k-coterie C is complemental if and only if
According to Theorem 3.3, we derive the characteristic of complemental k-coteries on the availability. With the characteristic, evaluating the availability of a k-coterie can observe not only the availability but also whether the k-coterie is complemental or not. 
Thus, by Theorem 3.3, we observe that C is complemental. Similarly, the 2-coterie C shown in Example 3.1 is not complemental because its CAV C ¼ 3/8 = 1/2 when p ¼ 1/2.
Availability of ND k-coteries
In this section, we drive the characteristic of ND k-coteries on the availability such that verifying an ND k-coterie and evaluating the availability of the k-coterie could be combined together, too. In [11] , it had been shown that a k-coterie C is ND if and only if C is complemental when k 2 and a complemental k-coterie is ND. Thus, by those results and our Theorem 3.3, we have the following theorems for the relation between ND k-coteries and their availability.
THEOREM 3.4. A k-coterie C is ND if and only if CAV
However, the sufficient condition of Theorem 3.5 may not be true. That is, there may exist an ND k-coterie C, k ! 3, but CAV C = 1/2 when p ¼ 1/2. Consider the following example.
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Page 5 of 11 EXAMPLE 3.5 [11] . Let D be a 3-coterie under U ¼ f1, 2, 3, 4, 5, 6, 7, 8g. D ¼ff1; 2g; f1; 3g; f1; 4g; f1; 5g; f1; 6g; f1; 7g; f1; 8g; f2; 3g; f2; 4g; f2; 5g; f2; 6g; f2; 7g; f2; 8g; f3; 4g; f3; 5g; f3; 6g; f3; 7g; f3; 8g; f4; 5; 6g; f4; 5; 7g; f4; 5; 8g; f4; 6; 7g; f4; 6; 8g; f4; 7; 8g; f5; 6; 7g; f5; 6; 8g; f5; 7; 8g; f6; 7; 8gg
In fact, D is a vote assignable 3-coterie [3] and had been shown to be ND [11] . However, we have CAV D as follows.
F r ðSÞ Â p jSj ð1 À pÞ jSj ¼ 383 768
CLASSES OF COMPLEMENTAL k-COTERIES
In [11] some k-coteries had been shown to be complemental. In this section, we apply Theorem 3.3 to some other wellknown k-coteries such as general grid k-coteries [1] and Cohort coteries [4] for showing how to verify complemental k-coteries by using availability.
General grid k-coteries
Consider a system U where jUj ¼ N. Those N nodes are logically organized as an X Â Y grid structure, where X and Y denote the number of rows and the number of nodes in a row, respectively, X ! k and Y ! 1. Let X i be the set of nodes of row i and let
. That is, each quorum of the general grid k-coterie contains nodes from w rows where majority nodes of each row are contained in the quorum. EXAMPLE 4.1. For example, consider a 4 Â 3 grid for constructing 2-coteries where X 1 ¼ f1, 2, 3g, X 2 ¼ f4, 5, 6g, X 3 ¼ f7, 8, 9g and X 4 ¼ f10, 11, 12g. We have w ¼ d(4 þ 1)/ (2 þ 1)e ¼ 2. Q 1 ¼ f1, 2, 4, 6g and Q 2 ¼ f7, 9, 11, 12g are two quorums of G-Grid(4 Â 3, 2) because both of two contain majority nodes of w ¼ 2 rows.
Proof. Let AV X denote the probability that majority nodes of a row are operational. With up-probability p,
Since AV X (1/2) ¼ 1/2, we have
Cohorts coteries
In [4] , Cohorts structures were proposed to construct k-coteries. The nodes of a system U are logically organized as a Cohorts structure. The Cohorts structure Coh(k, n) ¼ (C 1 , C 2 , . . . , C n ) is a list of sets such that it satisfies:
A set Q is defined to be a quorum under Coh(k, n) if some cohort C i , 1 i n, is Q's primary cohort and each cohort C j , i , j n, is Q's supporting cohorts. A set of all quorums under Coh(k, n) is called a Cohorts coterie, which was shown to be a k-coterie in [4] . f1, 2g, f3, 4, 5g) . The Cohorts coterie C under Coh(2, 2) is C ¼ ff3, 4g, f3, 5g, f4, 5g, f1, 3g, f1, 4g, f1, 5g, f2, 3g,f2, 4g , f2, 5gg, which forms a 2-coterie.
Proof. Case 1. n ¼ 1. According to the definition of Coh(k, n), in this case, the Cohorts structure Coh(k, 1) has only one cohort C 1 , which has k nodes. The Cohorts coterie C under Coh(k, 1) is identical to the k-singleton k-coterie [5] . Let CAV Coh(k, 1) denote the CAV C of Cohorts coterie C under Coh(k, 1). When p ¼ 1/2, we have
By Theorem 3.3, we know CAV Coh(k, 1) is complemental. Case 2. k ¼ 1. Let CAV Coh(1, n) denote the CAV C of Cohorts coterie C under Coh(1, n). CAV Coh(1, n) could be represented by following recursive equation as shown in [4] .
In the following proof, we want to show that CAV Coh(1,
The proof is by induction on the value of n. Induction base.
Thus, by Theorem 3.3, we know CAV Coh(1,n) is complemental.
AVAILABILITY OF COMPLEMENTAL wr-COTERIES
In Section 3, we have shown the relation between the complemental k-coterie and its availability. In this section, we try to extend this result to wr-coteries by deriving the relation between the complemental wr-coterie and its availability. Let us first introduce the definitions of wr-coteries, ND wr-coteries, and complemental wr-coteries. A pair (W, R), where W and R are two sets of nonempty subsets of U, is called a wr-coterie [14] if and only if all of the following three properties hold.
(i) Write -Write Intersection property:
A member in W is called a write quorum and a member in R is called a read quorum.
For example, C ¼ (W, R), where W ¼ ff1, 2, 3g, f1, 2, 4g, f1, 3, 4g, f2, 3, 4gg and R ¼ ff1, 3g, f1, 4g, f2, 3g, f2, 4gg, is a wr-coterie under U ¼ f1, 2, 3, 4g. It is not hard to verify that any two write quorums in W or a pair of any write quorum in W and any read quorum in R have a nonempty intersection.
Let C ¼ (W, R) and let D ¼ (W 0 , R 0 ) be two wr-coteries. We say that C dominates D [14] if and only if all of the following three properties hold.
A wr-coterie that is not dominated by any other wr-coterie is called an ND wr-coterie; otherwise, a dominated wr-coterie. Similar to ND k-coteries, an ND wr-coterie has higher availability than those wr-coteries it dominates.
Let C ¼ (W, R) be a wr-coterie under U. Let t W (S) ¼ 1 (resp. t R (S) ¼ 1) if S contains a write quorum of W (resp. a read quorum of R); otherwise, t W (S) ¼ 0 (resp. t R (S) ¼ 0). A wr-coterie C ¼ (W, R) under U is defined to be complemental if and only if t W (S) þ t R (S) ¼ 1, 8S # U. Hence, a complemental wr-coterie C guarantees that at least one read quorum or one write quorum of C can still be formed even the network is 2-partitioned. That is, the replica control algorithm using the complemental wr-coterie can still work even when the network is 2-partitioned due to the communication link failures.
THE AVAILABILITY OF COMPLEMENTAL k-COTERIES Page 7 of 11 EXAMPLE 5.1. Consider a wr-coterie C ¼ (W, R), where W ¼ ff1, 2, 3gg and R ¼ ff1g, f2g, f3gg under U ¼ f1, 2, 3g. When S ¼ f1, 2, 3g, there is a write quorum Q W ¼ f1, 2, 3g in S. When S ¼ f2g, there is a read quorum Q R ¼ f3g in S. It is not hard to verify that no matter what S is, there is a write quorum in S or a read quorum in S, (viz. t W (S) þ t R (S) ¼ 1, 8S # U). Thus, C ¼ (W, R) is a complemental wr-coterie under U.
A theorem for recognizing ND wr-coteries had been derived in [12] . We restate as the following the theorem.
According to Theorem 5.1, it is obvious that every complemental wr-coterie is ND. Besides, due to the Write-Read intersection property of an ND wr-coterie For a wr-coterie C ¼ (W, R) under U, the write availability of wr-coterie C [12] , denoted by CAV W , is defined to be the probability that S contains a write quorum. Hence, with up-probability p,
Similarly, let CAV R be the read availability of wr-coterie C [12] . With up-probability p,
The relation between ND wr-coteries and their availability had also been shown in [12] . We repeat the theorem as follows. 
Thus, by using availability, we show C to be a complemental wr-coterie again.
In [12] , the authors had evaluated the write availability and the read availability of the grid wr-coterie [17] and the HQC wr-coterie [18] . By applying Theorem 5.4 to the availability results of those two wr-coteries shown in [12] , we have the following two corollaries. COROLLARY 5.1. The grid wr-coterie in an m Â n grid is complemental if n ¼ 1.
COROLLARY 5.2. The HQC wr-coterie is complemental if each nonleaf node in the multilevel tree has an odd number of child nodes.
CONCLUSION
The complementalness and the availability are two important metrics to measure the fault-tolerant capability of a k-coterie. However, verifying the complementalness and evaluating the availability of a given k-coterie are two difficult and independent works because they are defined under two different failure assumptions. In this paper, we derive the relation between the complemental k-coterie and the availability. We show that every complemental k-coterie has the same characteristic on its availability (viz. CAV C ¼ 1/2 when p ¼ 1/2). With the characteristic, verifying the complementalness of a k-coterie and evaluating the availability of the k-coterie could be combined together to reduce the redundant works on measuring the fault-tolerant capability of the k-coterie. That is, whenever we have the availability of a k-coterie already, we do not need to verify the complementalness of the k-coterie again. We also extend our result to wr-coteries. Thus, verifying a complemental wr-coterie and evaluating the availability of the wr-coterie could be combined together as well. Finally, we apply our results to some well-known k-coteries for verifying complemental k-coteries. In those cases, verifying complemental k-coteries are simple by means of the availability of those k-coteries. 
We have the following two cases to consider.
, for all 0 r k, and P
Thus,
(ii) k is even. Since P 8S#U F r (S) ¼ P 8S#U F k2r (S), for all 0 r k, and P To sum up,
N21 , no matter k is odd or even. Thus, we have
If part: If CAV C ¼ 1/2 when p ¼ 1/2 then P 8S#U F r (S) ¼ P 8S#U F k2r (S), for all 0 r k.
Similarly, we have the following two cases to consider. 
Similar to the case that k is odd, the only possible solution to equation (A3) is that P 8S#U F r (S) ¼ P
8S#U
F k2r (S), for all 0 r k.
Consequently, no matter k is odd or even, CAV C ¼ 1/2 when p ¼ 1/2 implies P 8S#U F r (S) ¼ P 8S#U F k2r (S), for all 0 r k.
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